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0. Introduction 

^ ' The representation theory of partially ordered sets (posets) in linear vector spaces 

•^ . has became one of the classical field in Hnear algebra (see [H El [31 |4j and other) . 

^^ ' See Section 1 for the details. 

On other hand when one try to develop the similar theory for Hilbert spaces, 
one will be faced with difficulties even with three subspace two of which is orthog- 
onal: it is impossible to obtain their description in reasonable way (it is so called 
QQ ' *-wild problem) see [3 [6] . But adding linear relation 

o' 



o 



X 



j^ ■ details) 



aiPi + . . . + anPn = ll, 

between the projections Pi on corresponding subspaces, in some cases gives nice 
answers which have deep interconnections with linear case (see Section 2 for the 



The aim of this article is to show that each linear representation of primitive 
poset of finite type could be unitarized with some weight x — (o^ij • • • ) ctnj 7) and 
to describe all possible weights x appropriated to the unitarization for given linear 
representation of primitive poset (Section 3). 
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1. Posets and their linear representations 

In this section we will briefly recall some results concerning to partially ordered 
sets and their linear representation. 

1.1. Posets and Hasse diagrams 

Let (A/", -<) be finite partially ordered set (or poset for short) which for us will be 
{1, . . . , n}. By the width of the poset M we will understand the maximal number 
of two by two incomparable elements of this set. 

The poset Af of the width m called primitive and denoted by {ki, . . . ,km) 
if this set is the cardinal sum of m Hnearly ordered sets A/i , . . . , Afm with orders 

We will use the standard graphic representations for the poset (TV, ^) called 
Hasse diagram. This representation associate to each point x € J\f the vertex Vx 
and the arrow v^ -^ Vy li x ^ y and there is no z S A/", such that x ^ z -< y. For 
example let M — {1, 2, 3, 4, 5, 6} with the following order: 

2-<l, 2<i, A<i, 6^5, 

then the corresponding Hasse diagram is the following: 

«2o^ o«4 o ^'e 

For each primitive poset N — {ki, ...km) its Hasse diagram has the following form: 

(1) (m) 

(1) I I (m) 



(1) (m) 

^2 9 9 «2 

„(1) I I „,(™) 



1.2. Linear representations of posets. Indecomposability and Bricks 

By the linear representation tt of the poset J\f in some complex vector space V we 
will understand such correspondence to each element i € Af the subspace Vi CV, 
that i -< j implies Vi C Vj. We will denote the representation n in the following 
way: tt ~ {V; Vi, . . . , Vn), where n is the cardinality of Af, and for the primitive 
posets (fci, . . . , km) we will use the following notation n — {V; Vy , . . . , Vj. ; . . . ; 
T/('") ^/(™)^ 

By the dimension vector d^ of the representation n we will understand the 
vector d-^ = (do; di, . . . , cf„), where do = dimV^, di = diml^ (correspondingly 
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for representations of primitive posets the dimensional vector will be denoted by 

d. = (do;4'\---,4?;---;4™\---,4:'))- 

In fact the linear representations of poset N forms the additive category 
Rep(7V), where the set of morphisms Mor(7ri, 7r2) between two representations tti = 
{V\ Vi, . . . , Vn) and 1^2 — {W\ Wi, . . . , W„) consists of such linear maps C : y — > 
W, that C{Vi) C Wi. Two representations tti and 7r2 of poset A/" are isomorphic 
(or equivalent) if there exists invertible morphism C € Mor(7ri, 112), i.e. there exist 
invertible linear map C : V ^ W such that C{Vi) — Wi. 

One can define the direct sum tt = tti 7r2 of two objects tti, 7r2 € A/" in the 
following way: 

n^{VS)W;Vi®Wi,...,Vn(B W^). 
Using the notion of direct sum it is natural to define indecomposable represen- 
tations as the representations that are not isomorphic to the direct sum of two 
non-zero representations, otherwise representations are called decomposable. It is 
easy to show that representation n is indecomposable iff there exist no non-trivial 
idempotents in End(7r). The representation n is called brick if there is no non-trivial 
endomorphism of this representation. One can show that brick implies indecom- 
posability. But there exist indecomposable representations of posets which are not 
'brick': let us take 

Aa^(l "V « e M\{0}, 
the corresponding representation tTq, = {V; Vi, V2, V3, V4) of the poset A/" = (1, 1, 1, 1) 

y^c^ec^; Fi^c^eo, y2 = o©c^ 

V3^{{x,x) eC^\xeC^}, V4 = {{x,A^x) eC^lxeC^}, 

is indecomposable but is not brick. 

We call the representation it non-degenerated if the components of dimension 
vector d^ satisfy the following conditions: 

• d,^Q; 

• a i ^ j then di < dj ; 

• di < do, 

otherwise the representation is called degenerated. Note that in works [3l,l4] authors 
by term non- degenerated means just first and second from above conditions. 

1.3. Posets and Quivers 

To study the representations of the primitive posets it is helpful to use the well- 
developed representation theory of quivers (for the representations of quivers see 
for example [IlH]). 

A quiver Q = {Qo, Qi,s,t : Qi -^ Qo) is given by a set of vertices Qo, which 
for us will be {vq, . . . , w„}, and a set Qi of arrows. An arrow p E Qi starts at the 
vertex s{p) and terminates at t{p). A representation AT of Q is given by a vector 
space Xy. for each vertex Vi € Qo and linear operator Xp : Xs(p) — > A't(p). In 
similar way as for the posets one can define the set of morphisms between two 
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representations X and Y , indecomposable and bricks representations (see ^ for 
the details). 

To each poset M one can associate the quiver Q^ in the similar way as Hasse 
diagram was associated, the only difference is that we add the extra vertex va to 
diagram and connect by arrows all vertices that corresponds to maximal elements 
of A/" with the vertex vq. More formally, Qg = {uq, Vx\x G A/"} and Q^ consists of: 

• the arrows Vx ^ Vy \{ x ^ y and there are no such z that x < z ^ y, and 

• the arrows Vx — > vq if there no such z that x < z. 

For example for each primitive poset JV ^ {ki, ...km) the corresponding quiver Q 
has the following form: 




o • • o*- 



(m) (m) (m) (m) 

Remark 1.1. Notice that the underlying graph of the quiver Q_\f that corresponds 
to primitive poset J\f — (fci, . . . , k„i) is the tree which denoted by Tfcj+i_...^fe^+i. 

It is obvious that each linear representations it of the poset M — (fci, . . . , km) 
defines some representation X^ of the corresponding quiver Q . Indeed, let be 
given the representation 

" V "^ I "^ 1 ' ■ ■ • ' "^ fcl 1 ■ ■ ■ T " 1 ' ■ ■ ■ ' *^ fe„ J 

of the poset J\f then the corresponding representation X^ of quiver Qj\f could be 

(1) (1) 

built in the following way: to each vertex vf' we associate the space V^ , X a) — 

V^ (to the vertex vq we associate the space V, Xy^ = V) and to each arrow 



f. 



^ W+i ■^s associate the embedding V^ "-^ "^i+i (to the arrows ■!;). — > ^'o 



we associate the embedding V^ '-^ V). And vice versa every representation X 
of quiver Q with underlaying graph T^j^+i ... fc^+i, such that for all p G Qi Xp is 
monomorphism, defines a representation of the poset J\f — (/ci, . . . , fc„): 

nx^iV;Vl'\...,V^''^;...;Vi'^\...,V^:\ 



3+1 



where V — Xy^ it is a representation of the the vertex vq, and V^ = -'^„(*)^„(*) 



. . . ■ X (i)_^ {X (i)) is an image of space corresponding to the vertex w; under 

the maps that corresponds to the path from vertex wj to vertex vq. 

In fact having take the representation of poset then using construction above 
build the representation of corresponding quiver and finally after building the 
representation of corresponding poset one will get the representation which is 
isomorphic to that we start on, i.e. n ~ ttx, in the category Rep(7V). 
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Proposition 1.2. 1. The representations tti andiT2 of the po set N are isomorphic 
if and only if the corresponding representation X^^^ and X^^^ of the quiver Qu 
are isomorphic. 
2. The representation it is indecomposable if and only if the corresponding rep- 
resentation X-^ is indecomposable. 

Proof. 1. The morphism C : X^^^ -^ Xt^.^, estabHsh the isomorphism between 
the representations of the quiver Qa/" if and only if the linear map Cy^ is a 
isomorphism between the representations tti and 1:2 of N . 
2. If the representation tt of primitive poset N is decomposable, i.e. tt ~ tti ©7r2 , 
then the corresponding representation X^^ of the quiver Q = Qj\f has the 
following form: for all Vi G Qo Xy. — Ui®Wi, for all Vi — > Vj G Qi X^.-^^. — 
Tij ®^i,j, where F^j : Uj — > Ui and Tij : Wj -^ Wi, i.e. X is decomposable. 

D 

1.4. Finite type posets 

Recall the the poset A/" has finite (linear) representation type if there exist only 
finitely many indecomposable representation of A/" in Rep (A/"). Result obtained by 
M.M.Kleiner [2] gives complete description of the posets of finite type. In case of 
primitive posets using connection between posets and quivers and analogical result 
for quivers (see [7j , for instance) one can obtain description of the primitive posets 
of finite type. 

ive poset of finite type has one of the following form: 



Proposition 1.3. 


Each 


primitive 


• (A;) for all k G N; 




• (A;i,fc2) for 


all ki 


,feGN; 


• (A;, 1,1), for allk G N; 


• (2,2,1); 






• (3,2,1); 






• (4,2,1). 







Proof, if 

As it was shown in previous subsection that for every representation of 
primitive posets one can build the representation of corresponding quiver, non- 
isomorphic representations of the poset corresponds to non-isomorphic represen- 
tations of the quiver. The quivers A^+i, Afc^+fc^+i, Dk+3, Eq, E-j, Eg, are the 
corresponding quiver for the posets listed in statement. Each of these quivers has 
finitely many of non-isomorphic indecomposable representations (see [7]), hence 
the listed posets also has finitely many non-isomorphic indecomposable represen- 
tations. 

only if One can show that each primitive poset that is not included in list 
contains subposet with corresponding extended Dynkin quiver. But this quivers 
has infinitely many non-isomorphic indecomposable representations (see J9| HOJ 
and other for description) . We list infinite series of non-isomorphic indecomposable 
representations of corresponding poset: 
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• for the poset (1,1,1,1) (the corresponding quiver is D4): 

V = C^ = (ei, 62); Vi = (ei), V2 = (62), ^3 = (ei + 62), V4 = (ei + Ae2), A ^ 0, 1; 

• for the poset (2,2,2) (the corresponding quiver is Eq): 

y = c3 = (61,62,63); 

Vi = (61), V2 = (61, 62); V3 = (63), 14 = (62, 63); 
V5 = (ei + 62 + 63), Ve = (61 + 62 + 63, A61 + 62), A 7^ 0, 1; 

• for the poset (3,3,2) (the corresponding quiver is E7): 

y = c* = (61,62,63,64); 

Vi = (ei),y2 = (6l,62),V3 = (61,62,63); 

Vi = (64), V5 = (63, 64), Ve = (62, 63, 64); 
V7 — (61 + 62 + 63, A61 + 63 + 64), A 7^ 0, 1; 

• for the poset (5, 2, 1) (the corresponding quiver is E7): 

V = C'' = (61, 62, 63, 64, 65, 66); 

Vi = (61), V2 = (61, 62), 1^3 = (61,62,63), 14 = (61,62,63,64), V5 = (61,62,63,64,65); 

Ve = (e5,66),T^7 = (63,64,65,66); 

Vs = (61 + 63 + 64 + 65, Aei + 63 + 65 + 66, 62 + 64), A j^ 0, 1; 

here vectors Ci form basis in corresponding Hnear spaces. 

Hence the theorem is proved. D 

1.5. Coxeter functors for representations of posets in linear spaces 

Coxeter functors for representations of quivers were studied in |12j for proving 
Gabriel's theorem. 

Similar Coxeter functors F^,F~ acting in the category Rep(7V) of linear 
representations of posets was constructed in [4] . We are not going to give their full 
construction here, but we remind some basic necessary facts. 

There are functors a, p {a"^ = id, p^ = id) which act between categories 
Rep(7\/') and Rep(AA*) (where N* is dual to poset H). These functors change 
dimensions of representations by the following formulas: 



(do; 4 



(1) 



(do; 4 



(1) 





..;4"\...,4"))^ 




-rfo;di'\ 




fei 1 1 ' ki 


■■;4:\---,4:^-4:U) 




,(m) ,(m)N cr , 
■ ■ ' "1 ' ■ ■ ■ ' "fc„ ) ' ' 


> (do; do - 


'4^...,rfo-<;...; 
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By definition F+ = pa, F^ = ap, hence their action on generaUzed dimen- 
sions could be written as follows: 

m ni 

(do;4^...,di:;^...;d^\...,rfi™))^(^dg)-do;E<^-^o, 

m in m—1 

J2d^^^-do + d['\...,J2dk,~do + d^^l,;...;J2d^^^-do + diZl,); (1.1) 

3=2 ]=2 3 = 1 



dW-4^\...,4;'_i-4'\rfo-4";---;<"ii-4"\rfo-4"^). (1.2) 

Importance of these functors is due to the following fact (see [4]): 
Any non-degenerate representation of finite type poset A/" is the fo 
(F+)'^7r, where tt is degenerate. 



2. Representations of posets in Hilbert spaces 

In this section we will consider the unitary representation of the posets. We will 
show how these representations connected with ^-representation of certain alge- 
bras that generated by projections and linear relations. The representations of 
these algebras associated with primitive posets could be studied using the Coxeter 
functors, which will allow us study unitary representations of the posets, using 
similar technique. 

2.1. Unitary representations of posets 

Denote by Rep(A/', H) the sub-category in Rep(7V). Its set of objects consists of 
finite-dimensional Hilbert spaces and two objects tt and it are equivalent in Rep(7V) 
if there exists morphisms between them which is unitary operator U : H ^ H such 
that U{Hi) — Hi (unitary equivalent). Representation tt e Rep(A/', H) called irre- 
ducible iff C*-algebra generated by set of orthogonal projections {Pi} on the sub- 
spaces {Hi} is irreducible. Let remark that indecomposability of representation tt 
in Rep(A/') implies irreducibility of C*{{Pi, i £ A/"}) but converse not true (see [11] 
for details). 

The problem of classifying all irreducible objects in category Rep(A/', H) be- 
comes much harder even for primitive poset J\f — (1,2) it is impossible to classify 
in reasonable way all irreducible representations: indeed this lead us to classify up 
to unitary equivalence three subspace in Hilbert space, two of which are orthogo- 
nal, but it is well-known [5j that such task is *-wild. Hence it is natural to consider 
some additional relation. 
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Let us consider those objects n G Rep(7V, H), tt = {H;Hi, . . . ,H2), which 
satisfy the following Hnear relation: 

aiPi + ... + a„P„ = 7/, (2.1) 

where cti, 7 are some positive real numbers. These objects form a category and we 
will also will denote it by Rep(A/', H) (this will not make problem, course in the 
sequel we will consider only those representations in Hilbert space of the posets, 
which satisfy (|2.ip ). If to fix the weight x = (o^i, •••,««; 7) G ^"^^ and consider 
only representations satisfying (|2.ip ) with this fixed weight one obtain another 
category Rep^(7V, H) which is subcategory in Rep(7V, H). 

The surprising result of [13] is that in category Rep(A/') each indecomposable 
representation equivalent to some object in Rep(A/', H) is brick. 

2.2. Certain *-algebras and their representation in the category of Hilbert spaces 

Let be given the weight x = (ai, . . . , q;„; 7) £ M"^^, consider the following *- 
algebra ^a^,x; which is generated by n projections and corresponds to poset J\f of 
order n: 

^A/-,X ■^'C{Pl,P2,---,Pn\Pi ^Pi ^P*,PtPj =PjPi =Pi,-i ^j, 

aipi + ...+anPn = ie). (2.2) 

It's easy to see that every ^-representation tt of *-algebra Aj\f^^ gives us repre- 
sentation of poset M in category Rep^(A/', H) [Hi = Tr{pi)), and vice versa every 
representation of poset J\f in category Rep^ (TV, H) generate the *-representation 
oi A^f.x■ To put it another way, categories Rep^(A/', H) and Rep(^7v',x) ^^^ equiv- 
alent. 

For primitive poset N" — (fci, . . . , km) weights, for convenience, will be denot- 
ed by x = («! 7 • ■ • J «! ; ■ ■ • ; Q^i T ■ ■ : «fc ; 7) and correspondingly 

-^Af,X — \Pl : ■ • ■ ; Pfei I • ■ • J Pi I ■ • ■ I -Pfe,„ \Pi —Pi — Pi ^ 

771 ki 

T^'^I^ -^P^ -P^\J2E^^J^^=^^- (2-3) 

j=i i=\ 

Under some condition there exists isomorphisms between these algebras and *- 
algebras At,x which are associated with star-shaped graphs F — Tfej+i^...^fc^+i 

and character x = {pi t ■ ■ ^Ph ! • • ■ ! /^i j • ■ • ; Pk ' 7) • *- Algebras ^r,x defined 
in the following way: 

Y^f^'^-l^- (2.4) 
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Proposition 2.1. LetN he primitive poset andx — («! , ■ ■ ■ ,ctl. , ■ ■ ■', «i , ■ • • , Q^fc jT) 

and X — (01 T ■ ■ iPk T ■ ■'^ Pi I ■ • ■ J Pk ' 7) ^^ ^'^0 given weights such that for 
all j — 1, . . . ,m, i — I, . . . ,kj the following conditions hold: 

s—i 

then there exist isomorphism 4> between ^-algebras Ajsf,x o-^d -^r.x- 

Proof One can easily proof that map which is given on generators of algebras in 
the following way: 

i 

establishes the isomorphism between Aj\f^x ^^^ -^r,x- ^ 

The isomorphism 4> can be extended to an equivalence functor between cat- 
egories of representations of the algebras. Let ir be representation of *-algebra 
Ar,x then 0o tt - representation of Aj\f^x- Furthermore if tti and 7r2 are equivalent 
objects in Rep(.Ar,x) then (pom and (j)on2 are equivalent objects in Rep{A^f,x)■ 

Let as recall some definitions from |15) : 

Definition 2.2. An irreducible finite dimensional ^-representation tt of the algebra 
Ar,x such that 

7r(qp^) ^ 0,j = l,...,m,i = l,...,kj) and 
f]7r(g|^'^)^/,j = l,...,m 

i=l 

will be called non-degenerate. By Rep(^r.x) we will denote full subcategory of 
non-degenerate representations in the category Rep(^r,x)- 

Objects that corespondents to subcategory Rep(.Ar,x) in R-ep^jv,^) will be 
called non-degenerated as well. Non-degenerate representations of ^-algebra A^f.x 
corresponds to non-degenerate representations of poset A/". 

If one have degenerate representation of poset TV in Hilbert space H, that is 
one of the following conditions are hold: 

• There exist i such that Hi = i.e. Pi ~ 0; 

• There exist i such that Hi = Hi^i i.e. Pi = Pi-i; 

• There exist i such that Hi = H i.e. Pi — I 

In this case one can obtain non-degenerate representation of some subposet 
of J\f as follows. If for some i, Pi =0 then one automatically have representa- 
tion of poset M' = M \ {i}. If in representation n one have Pi = Pi-i than one 
can consider n as representation of poset A/"' where 7r(i — 1) = Hi = Hi-i and 
I^je.V\{i-i,i} "jPj + ("^^-1 + o^i)Pi-i = ll- And finally, if for some i 7r(i) = 
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H one can consider representation tt as representation of N' for which holds 
Eje^' otjPj = (7 - Oii)I- 

2.3. Coxeter functors for representations of *-algebras Aj\f,^ in case of primitive 
poset N 

In work [14] there were developed Coxeter functors for representations of quivers in 
Hilbert spaces which prescribe so-called 'orthoscalarity' condition. It was proved 
that any irreducible representation of quiver which underlying graph is Dynkin 
diagram can be obtained from simplest ones by using this Coxeter functors. 

These functors allows to construct some functors <&"'" and $~, called by Cox- 
eter too, which act on representations of algebras At,x. Recall that *-algebras At,x 
and their involutive representations are studied in many recent works (see [HI [17] 
and other). Using the isomorphism cj) between *-algebras At,x and Au^x ^^ ob- 
tain two new functors which we will be also denoted by $"*" and <i>~ and called 
Coxeter functors. These functors act from category ^ep{AM,x) ^o Rep(^A^,x +) 
and Rep(^A/',^ _ ) respectively, where 

/ Y^ (1) (1) (1) 



1=1 



k„ 



7-Ea^\ai"\...,at:L,;(m-l)7-E"i^') = 






ar' -7; 

j=2 1=1 



771—1 ^ J TTl ^ j 



In other words, this functors can be considered as functors from Repj^(A/', H) 
to Rep^ ^ (A/", H) . Dimensions of representations are changed by formulas similar 
to l|1.2p and l|l.ip respectively. 



3. Unitarization of linear representations of primitive posets 

This section is devoted to the interconnection between linear and unitary repre- 
sentation of the primitive posets. Actually for primitive posets of finite type we 
will obtain the complete list of possible weights that appropriate to given inde- 
composable linear representation. 
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3.1. Unitarization 

Let be given the representation n G Rep(A/'), it — {V;Vi, . . . ,Vn) of the poset 
J\f. One say that n can be unitarized if there exists appropriate choice of hermit- 
ian structure (-,•)€ in V, that corresponding projection Pi : V ^ Vi satisfy the 
following relation: 

aiPi + . . . + Q„P„ = 7/, 

for some weight x = («i: ■ ■ ■ ,ctn',7) G K"^^, and correspondingly we say that tt 
can be unitarized with weight x if this weight is fixed. 

Recall that the similar notion of unitarization was provided in article [14] for 
the unitarization of representations of given quiver Q. It fact that work studied the 
question when it is possible to define hermitian structure of each space Xi,i S Qo, 
in such way that in each vertex i the following condition satisfies: 

Z2 -^^ >i^i^3 + 2_/ -^i^i^:i — 'J = "j-^x,, 

j ►i i >j 

where X* ^ denotes the adjoint map to Xj yi with respect to hermitian structure 

in Xi and Xj . One of the results of paper [Hj is that if Q is a Dynkin quiver then 
every representation could be unitarizable, and if Q is an extended Dynkin quiver 
then there are representations that cannot be unitarized. 

One can obtain analogical fact for representations of primitive poset of finite 
type using Coxeter functos. Noticed that it can be obtained using results from [14]. 

Proposition 3.1. Every indecomposable linear representation of primitive poset of 
finite type can be unitarized with some weight. 

Proof. To start with, remark that it is obvious that any one dimensional represen- 
tation with dimension vector djr = (l;di, . . . ,dn) of any poset can be unitarized 
with weight x = (q^Ij ■ • • 1 Q;„; 7) satisfied trace condition J^sgJV ^sC(s = 7- All inde- 
composable representations of primitive posets Af = {k),k € N and A^ = (fci, ^2), 
ki,k2 £ N are one-dimensional hence they could be unitarized. 

Let TT be some representation of primitive poset J\f of finite type. There are 
two possibilities: tt is degenerate or tt is non-degenerate. In first case the represen- 
tation TT can be considered as one of some subposet J\f' of J\f than by induction 
it unitarize and corresponding unitary representation of A/"' can be restricted to 
unitary representation of A/" which is unitarization of tt. 

In the later case representation tt by theorem from [4] which was mentioned in 
section fOl is as follows tt = {F^)^tt' that is {F~^)kTT = tt' where tt' is degenerate. As 
degenerate representation tt' unitarize with some weight x' ■ Using functor (<i>+)'^ to 
corresponded unitary representation we obtain unitary representation with some 
weight X equivalent to tt. That is tt unitarize with weight %. As the result we 
obtain statement of the theorem and even more: this gives the algorithm which 
allows to describe all possible weights with which given representation of finite 
type primitive poset can be unitarized. D 
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Next theorem gives complete list of all possible weights for representations 
of primitive posets of finite type. In other words it describes the set of weights 
X for every primitive poset M such that ^-algebra Ajsf^^ ^as indecomposable rep- 
resentation in fixed dimention D. Analogical result for *-algebras Ar,x were ob- 
tained in [15] and following theorem can be obtained using result of [T^ but we 
did it independently. The list of weights are organized in the following way: for 
each representation of primitive poset N = (fci,...,/c„) (which for us is given 
by generalized dimensional d — {d^ 



(1) 



'■ki 



An) 



-M. 



; d\ , . . . ,(ij, ,do), since this 
gives a representation up to isomorphism) we state the condition on weights 
X = (cci, . . . , ttki ; /3i, . . . ; 7), under which it is possible to unitarize the linear rep- 
resentation. 

Theorem 3.2. For primitive poset J\f its linear representation with dimension D 
unitarize with every weight x for which conditions C are satisfied: 



1. Poset M ^ (i;i;i) 



Dimensions D 
(0;0;0;1) 



Conditions C 
7 = 



(0 



1 



7 



(1 



1 



/3 = 7 



1) 



/3 + (5 = 7 



'■1 



a 



1 



a -f /3 = 7 



q;<7,/3<7,(5<7, q;4-/3 + (5 = 27 



2. Poset M ^ (2;l;l) 



Dimensions 
(0,0;0;0;1) 


Conditions 
7 = 


(0,1;0;0;1) 


a2 = 7 


(1,1;0;0;1) 


Qfi +q;2 = 7 


(0,0;1;0;1) 


/? = 7 


(0,1;1;0;1) 


^2 + /:? = 7 


(1,1;1;0;1) 


ai+ a2 + P = ^ 


(0,0;0;1;1) 


(5 = 7 
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(0,1 


0;1;1) 


a2 + (5 = 7 


(1,1 


0;1;1) 


ai +q;2 + (5 = 7 


(0,0 


i;i;i) 


/3 + 5 = 7 


(0,1 


i;i;i) 


012+13 + 5^-1 


(1,1 


i;i;i) 


ai+a2+[3 + 6^^ 


(0,1 


i;i;2) 


"2 < 7, ,9 < 7, i5 < 7, ^2 + /3 + <5 = 27 


(1,1 


i;i;2) 


ai+ a2 < 7, Qfi + ^2 < 7, /? < 7, (5 < 7, ai + 

^2 + /? + (5 = 27 


(1,2 


i;i;2) 


ai+a2 < 7,a2 + /3 < 7,q;2 + (5 < 7,ai+2a2 + 
P + 5^2j 



3. PosetM ^ (2;2;1) 



Dimensions D 


Conditions C 


(0 





0,0 







7 = 


(0 


1 


0,0 







q;2 = 7 


(0 





0,0 


1 




(5 = 7 


(0 


1 


0,0 


1 




a2 + <5 = 7 


(1 


1 


0,0 


1 




Qfl + q;2 + (5 = 7 


(0 





0,1 







/32 = 7 


(0 


1 


0,1 


1 




a2 + P2 + S = ^/ 


(0 





1,1 







Pl+P2=l 


(0 


1 


1,1 







a2 + Pi + P2 = 1 


(0 





0,1 


1 




f32 + 6 = j 


(0 





1,1 


1 




/3i + /32 + (5 = 7 


(0 


1 


1,1 


1 




a2+Pi+P2 + S = -/ 


(1 


1 


0,0 







Qfi +a2 = 7 


(0 


1 


0,1 







^2 + /32 = 7 


(1 


1 


0,1 







ai + a2 + P2 = J 


(1 


1 


0,1 


1 




ai + a2 + f32 + 6 ^ "f 


(1 


1 


1,1 







ai + a2 + (3i + (32 = J 


(1 


1 


1,1 


1 




ai+a2+Pi+ (32 + S = j 


(0,1 


0,1 


1 


2) 


^2 < 7, /32 < 7, <5 < 7, ^2 + /32 + <5 = 27 


(1,1 


0,1 


1 


2) 


ai + a2 < 7, ai + a2 <"f,l32 <"f,6 < 7, ai + 
a2 + f32 + 6 = 2j 


(1,2;0,1;1;2) 


ai + a2 < 7, 0:2 + /32 < 7, q;2 + <5 < 7, ai + 
2a2 + p2+5 = 27 


(0,1;1,1;1;2) 


"2 < 7, /?! + /32 < 7, /3i + /32 < 7, (5 < 7, a2 + 
f3i+f32 + S = 2j 
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(i,i;i,i;i;2) 


ai+a2 < 7, ai+Q;2 < 7,/3i+/32 < 7,/3i+/32 < 
j,S < 'j,ai + a2 + Pi + f32 + S — 2j 


(1,2;1,1;1;2) 


ai+a2 < 7, a2 + /3i + /32 < 7, 0:2 + A + /32 < 
7, ^2 + (5 < 7, Qfi + 2a2 + /3i + /32 + (5 = 27 


(0,1;1,2;1;2) 


a2 + l32 < I,(3i+I32 < 1,P2 + S < 7,a2 + /3i + 
2(32 + 6^ 27 


(1,1;1,2;1;2) 


ai+a2 + (^2 < 7, ai + 0^2 + /32 < 7, /3i + /32 < 
7, /32 + <5 < 7, ai + a2 + /3i + 2/32 + (5 = 27 


(1,2;1,2;1;2) 


ai+a2+l32 < 7,a2+/3i+/32 < 7,a2+/32+<5 < 
7, ai + 2a2 + /3i + 2/32 + (5 = 27 


(1,2;1,2;1;3) 


ai + a2 < 7, ai + a2 + /32 + (5 < 27, /3i + /32 < 
7, a2 + /3i + /32 + <5 < 27, q;2 + /32 < 7, ^i + 
2q;2 + /3i + 2/32 + (5 = 37 


(1,2;1,2;2;3) 


/32 + (5 < 7, "2 + /3i + 2/32 + <5 < 27, ^2 + <5 < 
7, ai + 2Q;2+/32+<5 < 27, ai + a2+/3i+/32+(5 < 
27, ai + 2^2 + A + 2/32 + 2(5 = 37 



^. PosetM ^ (3;2;1) 



Dimensions D 


Conditions C 


(0 


0,0 


0,0 


0;1) 


7 = 


(0 


0,1 


0,0 


0;1) 


"3 = 7 


(1 


1,1 


0,0 


0;1) 


ai + a2 + ^3 = 7 


(0 


0,0 


0,1 


0;1) 


132=1 


(0 


0,1 


0,1 


0;1) 


Q^3 + /32 = 7 


(0 


1,1 


0,0 


0;1) 


^2 + ^3 = 7 


(0 


1,1 


0,1 


0;1) 


a2 + a3 + P2 = 1 


(1 


1,1 


0,1 


0;1) 


ai + a2 + a^ + 132 = 1 


(0 


0,0 


1,1 


0;1) 


/3i + /32 = 7 


(0 


0,1 


1,1 


0;1) 


"3 + /3i + /32 = 7 


(0 


1,1 


1,1 


0;1) 


a2 + a3 + f3i+ f32 =1 


(1 


1,1 


1,1 


0;1) 


ai + a2 + as + l3i + (32 = 1 


(0 


0,0 


0,0 


i;i) 


S^-f 


(0 


0,1 


0,0 


i;i) 


"3 + <5 = 7 


(0 


0,0 


0,1 


i;i) 


/32 + <5 = 7 


(0 


0,1 


0,1 


i;i) 


a^ + f32 + S ^ "f 


(0 


1,1 


0,1 


i;i) 


a2 + a3 + (32 + S = J 
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(1,1,1;0,1;1;1) 


Qfi + a2 + as + ^2 + i5 = 7 


(0,0,0;1,1;1;1) 


(ii+(i2 + 5 = -f 


(0,0,1;1,1;1;1) 


a^+Pi+ (32 + 5^1 


(0,1,1;0,0;1;1) 


a2 + az + 5 = ^ 


(0,1,1;1,1;1;1) 


^2 + as + /3i + /32 + i5 = 7 


(1,1,1;0,0;1;1) 


ai + a2 + as + (5 = 7 


(1,1,1;1,1;1;1) 


ai + a2 + as + /3i + /32 + (5 = 7 


(0,0,1;0,1;1;2) 


as < 7, /32 < 7, <5 < 7, as + /32 + (5 = 27 


(0,1,1;0,1;1;2) 


a2 + as < 7, a2 + as < 7, /32 < 7, i5 < 7, a2 + 
as + /32 + (5 = 27 


(0,1,2;0,1;1;2) 


a2 + as < 7: "3 + /32 < 7> "3 + <5 < 1, 0.2 + 
2as + /32 + (5 = 27 


(0,0,1;1,1;1;2) 


as <l,Pi+ l32<l,Pi+ I32<1,5 < 7, as + 
(3^+ (32 + 5 = 2-1 


(0,1,1; 1,1; 1;2) 


a2+as < 7, a2+as < 7,/3i+/32 < 7,/3i+/32 < 
7, (5 < 7, a2 + as + /3i + /32 + (5 = 27 


(0,1,2;1,1;1;2) 


a2 + as < 7, as + /3i + /32 < 7, as + /3i + /32 < 
7, as + (5 < 7, a2 + 2as + /3i + /32 + <5 = 27 


(0,1,2; 1,2; 1;2) 


a2+as+/32 < I,az+I3i+I32 < -f,a3+/32+5 < 
7, a2 + 2as + /?i + 2/32 + (5 = 27 


(1,1,2;0,1;1;2) 


ai + a2 + as < 7, ai + a2 + as < 7, as + /32 < 
7, as + <5 < 7, ai + a2 + 2as + /32 + <5 = 27 


(1,1,2;1,1;1;2) 


ai + a2 + as < 7, ai + a2 + as < 7, as + /3i + 

/32 < 7, as + /3i + /32 < 7, as + (5 < 7, ai + a2 + 
2as + /3i + /32 + (5 = 27 


(0,0,1;1,2;1;2) 


as + /32 < 7,/3i+/32 < J,f32 + S < 7,as + /3i + 
2/32 + (5 = 27 


(0,1,1;1,2;1;2) 


a2 + as + /32 < 7, a2 + as + /32 < 7, /3i + /32 < 
7, /32 + (5 < 7, a2 + as + /3i + 2/32 + (5 = 27 


(1,1,1;0,1;1;2) 


ai + a2 + as < 7, ai + a2 + as < 7, ai + a2 + 
as < 7, /32 < 7, <5 < 7, ai + a2 + as + /32 + (5 = 

27 


(1,1,1;1,1;1;2) 


ai + a2 + as < 7, ai + a2 + as < 7, ai + 
a2 + as < 7, /3i + /32 < 7, /3i + /32 < 7, (5 < 
7, ai + a2 + as + /3i + ;92 + iJ = 27 


(1,1,1;1,2;1;2) 


ai + a2 + as + /32 < 7, ai + a2 + as + /32 < 
7, ai + a2 + as + /32 < 7, /3i + /32 < 7, /32 + (5 < 
7, ai + a2 + as + /3i + 2/32 + (5 = 27 


(1,1,2; 1,2; 1;2) 


ai + a2 + as + /32 < 7, ai + a2 + as + /32 < 
7, as + /3i + /32 < 7, as + /32 + (5 < 7, ai + a2 + 
2as + /3i + 2/32 + (5 = 27 
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(1,2,2;0,1;1;2) 


ai+a2+(X3 < 7, a2+a3+f32 < 7, a2+a3+S < 
7, ai + 2a2 + 2a3 + f32 + 5 = 2-/ 


(1,2,2;1,1;1;2) 


ai + a2 + as < 7, a2 + ^3 + /3i + /32 < 7, ^2 + 
as + l3i + (32 < 7, ^2 + ^3 + <5 < 7, "1 + 2^2 + 
2a3 + (3i+ f32 + S ^ 27 


(1,2,2; 1,2; 1;2) 


ai + a2 + a^ + (32 < 7, 0:2 + ^3 + /?! + /32 < 
7, a2 + ^3 + /32 + <5 < 7, "1 + 2^2 + 2q;3 + /3i + 
2/32 + S^ 27 


(0,1,2; 1,2; 1;3) 


"2 + "3 < 7, "2 + 0:3 + /32 + (5 < 27, [3i + l32 < 
7, as + /3i + /32 + <5 < 27, a^ + f32 < 7, 0:2 + 
2^3 + /3i + 2/32 + (5 = 37 


(1,1,2; 1,2; 1;3) 


Qfi + a2 + as < 7, ai + a2 + 0^3 < 7, ai + a2 + 

a3 + /32 + (^ < 27,/3i+/32 < 7,a3+/3i+/32 + <5 < 
27, a3+/32 < 7. ai+a2+2a3+/3i+2/32+(5 == 37 


(1,2,2; 1,2; 1;3) 


«! + a2 + 03 < 7, ai + a2 + a3 + /32 + (5 < 

27, ai + a2 + as + (32 + 5 < 27, /3i + /32 < 
7, a2 + a3 + /3i + /32 + (J < 27, 02 + 03 4- /32 < 
7, ai + 2^2 + 2^3 + /3i + 2/32 + <5 = 37 


(1,2,3; 1,2; 1;3) 


ai + ^2 + ^3 < 7, ai + a2 + 2a3 + /32 + (5 < 
27, a3 + (3i+f32< 7, a2 + 2^3 + /3i + /32 + <5 < 
27, a2 + as + (32 < 7, ai + 2q!2 + Sa^ + /3i + 
2/32 + (5 = 37 


(0,1, 2; 1,2; 2; 3) 


/32 + (5 < 7, a3 + /3i + 2/32 + (5 < 27, ^3 + (5 < 
j,a2 + 2as+(32+S < 2j,a2 + a3+Pi+(32+S < 
27, a2 + 2^3 + /3i + 2/32 + 2,5 = 37 


(1,1,2;1,2;2;3) 


/32 + (5 < 7, /32 + (5 < 7, ^3 + /3i + 2/32 + (5 < 
27, a3 + (5 < 7,q;i + q;2 + 2q:3 + /32 + (5 < 27, ai + 
a2 + as + (3i + (32 + S < 2j, ai + a2 + 2as + 
/3i + 2/32 + 25 = 37 


(1,2,2; 1,2; 2;3) 


/32+(5 < 7, a2+a3+/?i+2/32+(5 < 27, a2+a3 + 
(3i + 2(32 + S < 27, q;2 + a3 + (5 < 7, "i + 2^2 + 
2as + (32 + S < 2j,ai+a2 + as + (3i+(32 + S < 
27, ai + 2a2 + 2^3 + (3i + 2/32 + 2(5 = 37 


(1,2,3;1,2;2;3) 


^3 + /32 + (5 < 7, ^2 + 2^3 + A + 2/32 + <5 < 
27, a2 + as + ,5 < 7, Qfi + 2^2 + 2as + P2 + S < 
27,ai+a2 + 2a3+/3i+/32 + 5 < 27,ai+2a2 + 
3^3 + /3i + 2/32 + 2<5 = 37 


(1,2,3; 1,2; 2;4) 


ai + q;2 + ^3 < 7, Qfi + a2 + 03 + /32 + <5 < 
27,ai+Q;2 + 2a3 + /3i + 2/32 + <5 < 3-f,as + S < 
-f,a2 + 2as+(32+5 < 2j,a2 + as+(3i+(32+S < 
27, ai + 2^2 + 3^3 + /3i + 2/32 + 2(5 = 47 
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(1,2,3;1,3;2;4) 


/?2 + (5 < 7, as + /3i + 2/32 + (5 < 27, 02 + 2^3 + 




/3i + 2/32 + 2(5 < 37,a2 + a3 + /32 < 7,Q;i + 2a2 + 




2a3+l3i + 2f32 + 5 < 3-/ , ai + a2 + 2a3+ f32+S < 




27, ai + 2q;2 + 3^3 + /3i + 3/32 + 2(5 = 47 


(1,2,3; 2, 3; 2;4) 


a3+ Pi + 1^2 < 7, a2 + 2a3 + /3i + /32 + (5 < 




27, ai + 2a2 + 3^3 + (3i + 2f32 + S < 3j, ai + 




"2 + 0:3 + /3i + /32 + (5 < 27, ai + a2 + 2a3 + 




/3i + 2/^2 + 2(5 < 37, q;2 + 0^3 + /3i + 2/32 + (5 < 




27, ai + 2^2 + 3a3 + 2/3i + 3/32 + 25 ^ 4-/ 



5. Poset J\f = (4; 2; 1) 



Dimensions D 




Conditions C 


(0 






















7-0 


(1 


1 


1 


1 








1 




ai + a2 + as + ai + 6 = "f 


(0 














1 







132=1 


(0 











1 


1 


1 




/3i + /32 + (5 = 7 


(0 








1 













a4 = 7 


(0 

















1 




(5 = 7 


(0 








1 








1 




Q!4 + <5 = 7 


(0 














1 


1 




/32 + (5 = 7 


(0 








1 





1 







^4 + /32 = 7 


(0 








1 





1 


1 




^4 + /32 + (5 = 7 


(0 











1 


1 







/3i + /32 = 7 


(0 








1 


1 


1 







a4 + /3i + /32 = 7 


(0 








1 


1 


1 


1 




(24 + /3i + /32 + (5 = 7 


(0 







1 













Q!3 + Q;4 = 7 


(0 







1 








1 




Q!3 + 0:4 + (5 = 7 


(0 







1 


1 


1 


1 




aa + "4 + /3i + /32 + (5 = 7 


(0 


1 




1 








1 




0^2 + (a;3 + 04 + (5 = 7 


(0 







1 





1 


1 




Q!3 + 0:4 + /32 + (5 = 7 


(0 


1 




1 





1 


1 




0^2 + 0:3 + "4 + /32 + (5 = 7 


(0 


1 




1 


1 


1 


1 




Q!2 + Qfs + a4 + /3i + /32 + i5 = 7 


(1 


1 




1 





1 


1 




ai + q;2 + as + ^4 + /32 + (5 = 7 


(0 







1 


1 


1 







Q!3 + ^4 + /3i + /32 = 7 


(0 


1 




1 













Q!2 + as + a4 = 7 


(0 







1 





1 







a3 + a4 + /32 = 7 



18 



Roman Grushevoy and Kostyantyn Yusenko 



(0,1,1,1;0,1;0;1) 


(22 + as + Q;4 + /32 = 7 


(0,1,1,1;1,1;0;1) 


^2 + "3 + "4 + /?! + /32 = 7 


(1,1,1,1;0,0;0;1) 


ai + q;2 + ^3 + 04 = 7 


(1,1,1,1;0,1;0;1) 


ai + q;2 + as + ^4 + /32 = 7 


(1,1,1,1;1,1;0;1) 


ai+ a2 + a3 + a4 + (3i+ P2 = 7 


(1,1,1,1;1,1;1;1) 


ai + a2 + as + ai + l3i + (32 + S = "/ 


(0,0,0,1;0,1;1;2) 


^4 < 7, /32 < 7, <5 < 7, "4 + /32 + (5 = 27 


(0,0,1,1;0,1;1;2) 


as + 0:4 < 7, as + 0:4 < 7, /32 < 7, (5 < 7, as + 
a4 + /32 + (5 = 27 


(1,1,1,1;0,1;1;2) 


ai + a2 + as + Q!4 < 7, ai + a2 + 03 + 0:4 < 
7, ai + a2 + aa + 0:4 < 7, ai + 02 + as + a4 < 
7,/32 < 7,(5 < 7,ai + Q;2 + a3 + a4+/32 + (5 = 27 


(0,0,1,2;0,1;1;2) 


ag + 0:4 < 7, a4 + /32 < 7> a4 + (5 < 7, ag + 
2^4 + /32 + 5 = 27 


(0,1,1,1;0,1;1;2) 


a2 + aa + Q!4 < 7, q;2 + ag + 0:4 < 7, a2 + ag + 
a4 < 7, /32 < 7, (5 < 7, a2 + aa + Q!4 + /32 + (5 = 

27 


(1,1,1,2;0,1;1;2) 


ai + Q!2 + ag + Q!4 < 7, ai + 0:2 + as + 0:4 < 
7, ai+Q!2+a3+Q:4 < 7,q;4+/32 < 7, a4 + (5 < 
7, ai + a2 + ag + 2q!4 + /32 + (5 = 27 


(1,1,2,2;0,1;1;2) 


ai + a2 + ag + Q!4 < 7, ai + 0:2 + ag + 0:4 < 

7, ^3 + Q!4 + /32 < 7, ag + 0:4 + (5 < 7, q;i + 0:2 + 
2a3 + 2^4 + /32 + <5 = 27 


(1,2,2,2;0,1;1;2) 


ai + a2 + ag +04 < 7, a2 + ag + a4 + /32 < 
7, a2 + ag + Q!4 + 5 < 7, ai + 2q:2 + 2a3 + 2q!4 + 
/32 + (5 = 27 


(0,0,0, 1;1,1;1;2) 


a4 <-f,Pi+ f32 <j,(3i+P2 <1,S < 7, a4 + 
/3i + /32 + (5 = 27 


(0,0,1,1;1,1;1;2) 


a3+a4 < 7, a3+a4 < 7,/3i+/32 < 7,/3i+/32 < 
7, (5 < 7, 0:3 + a4 + /?! + /32 + (5 = 27 


(0,0,1,2;1,1;1;2) 


a3 + Q!4 < 7, ai + (3i + (32 < 7, a4 + /3i + /32 < 
7, a4 + (5 < 7, a3 + 2a4 + /3i + /32 + <5 = 27 


(0,1,1,1;1,1;1;2) 


a2 + a3 + a4 < 7, 02 + a3 + Q!4 < 7, a2 + 
a3 + 0:4 < 7: /3i + /32 < -f,l3i + (32 < -f,S < 
7, a2 + a3 + q;4 + /3i + ^2 + i5 = 27 


(1,1,1,1;1,1;1;2) 


ai + a2 + a3 + Q!4 < 7, ai + a2 + a3 + 0:4 < 

7, ai+a2 + as + a4 < 7, ai + a2 + a3 + 014 < 
7, /3i + /32 < 7, /3i + /32 < 7, <5 < 7, ai + a2 + 
as + a4 + /3i + /32 + (5 = 27 
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(1,1 


1 


2; 


1 


1; 


i;2) 


ai + a2 + a3 + Ui < 7, ai + 0:2 + 0:3 + 0:4 < 
7, ai + a2 + as + Ui < 7, a4 + (3i + (32 < 
7, a4 + /3i + /32 < 7, q;4 + (5 < 7, ai + 0:2 + 0:3 + 
2a4 + /3i + /32 + i5 = 27 


(0,1 


2 


2; 





1; 


i;2) 


a2+a3+a4 < 7, a3+a4+/32 < 7, Q;3+a4+'5 < 
7, a2 + 2a3 + 2a4 + /32 + (5 = 27 


(0,1 


2 


2; 


1 


1; 


i;2) 


^2 + 0:3 + Q!4 < 7, Ck3 + "4 + /?! + /32 < 7, "3 + 

ai + (3i + (32 < 7, a3 + 0:4 + <5 < 7, a2 + 2a3 + 
2a4 + (3i+(32+S = 27 


(1,1 


2 


2; 


1 


1; 


i;2) 


ai + a2 + as + ai < 7, ai + 0:2 + 0:3 + 0:4 < 
7, a3+ai + Pi+P2 < 7, ^3 + "4 + /3i + /32 < 
7, a3 + a4 + (5 < 7, ai + q;2 + 2a3 + 20:4 + (3i + 
/32 + <5 = 27 


(1,2 


2 


2; 


1 


1; 


i;2) 


Q!l+Q;2+a3+Q:4 < 7, ^2 +a3 +^4 +/?! +/32 < 

7, a2 + a3 + Q:4+/3i+/32 < 7, Q;2 + a3 + a4 + <^ < 
7, ai + 2a2 + 2a3 + 2a4 + Pi + P2 + S = 2-f 


(0,0 





1; 


1 


2; 


i;2) 


a4+(32 < l,(3i+(32 < J, (32 + 6 < j,a4 + Pi + 
2(32 + 6 = 27 


(0,0 


1 


1; 


1 


2; 


i;2) 


a3 + a4+ (32 < 7, a3 + a4, + (32 < 7, /3i + /32 < 
7, /32 + (5 < 7, a3 + a4 + /3i + 2/32 + (5 = 27 


(0,0 


1 


2; 


1 


2; 


i;2) 


a3+a4+/32 < J,a4+(3i+(32 < j,a4+(32+6 < 
7, as + 2a4 + /3i + 2/32 + (5 = 27 


(0,1 


1 


2; 





1; 


i;2) 


0^2+0:3 + 0:4 < 7, 0:2+0:3 + 04 < 7, 0:4 + /32 < 
7, a4 + (5 < 7, 0:2 + 03 + 2a4 + (32 + 6 = 2-/ 


(0,1 


1 


2; 


1 


1; 


i;2) 


02+03 + 014 < 7, a2 + 03 + 0:4 < 7, 04 + /?i + 
/?2 < 7,04 + /3i+/32 < 7,04 + (5 < 7,02 + 03 + 
204 + /3i + /32 + (5 = 27 


(0,1 


1 


1; 


1 


2; 


i;2) 


02 + 0:3 + O4 + /32 < 7, 02 + 0:3 + 04 + /32 < 
7,02 + 03 + a4 + /32 < 7,/3i+/32 < 7,^2 + 6 < 
7, 02 + 03 + 04 + /3i + 2/32 + (5 = 27 


(0,1 


1 


2; 


1 


2; 


i;2) 


O2 + 0:3 + Q!4 + /32 < 7, O2 + 0:3 + Q!4 + /32 < 

7, 04 + /3i + /32 < 7, 0:4 + /32 + (5 < 7, 02 + 03 + 
2a4 + (3i+2(32 + 6 = 2j 


(1,1 


1 


2; 


1 


2; 


i;2) 


ai + 0:2 + 0:3 + Q!4 + /32 < 7, ai + Q!2 + 03 + 

04 + /32 < 7, oi + a2 + 03 + 0:4 + /32 < 7, 04 + 
/3i + /32 < 7, 04 + /32 + <5 < 7, oi + a2 + 03 + 
2a4 + /3i + 2/32 + (5 = 27 


(0,1 


2 


2; 


1 


2; 


i;2) 


02 + 03 + Q!4 + /32 < 7, as + a4 + /3i + /32 < 
7, a3 + a4 + (32 + 6 < 7, 02 + 2a3 + 2a4 + /3i + 
2/32 + (5 = 27 



20 



Roman Grushevoy and Kostyantyn Yusenko 



ai + 0:2 + 0:3 + (24 + /32 < 7, ai + (22 + 0:3 + 

(24 + /32 < 7, (21 + a2 + (23 + 0:4 + /32 < 7, (21 + 
(22 + (23 + 124 + /32 < 7, /3l + /32 < 7, /32 + (^ < 

7, (2i + (22 + (23 + a4 + /?i + 2/^2 + (5 = 27 

rvi -t-rvo -^n'o-l-ry^ -t-/?n <^'^_n'1-t-^'^-l-ryQ-t-r^ 



(1,1,1,1;1,2;1;2) 



(1,1,2,2;1,2;1;2) 



(2l+a2+(23+a4+/32 < 7,(2i+(22+(23+Q!4- 

(32 < 7,(23+(24+/3i+/32 < 7, a3+(24+/32+(5 < 
7, (21 + a2 + 2a3 + 2a4 + /3i + 2/32 + (5 = 27 



(1,2,2,2;1,2;1;2) 



(21 + a2 + (23 + Q!4 + /32 < 7, (22 + (23 + a4 + 

(3l + (32 < 7, (22 + (23 + (24 + /32 + (5 < 7, (21 + 

2a2 + 2(23 + 2(24 + A + 2/32 + (5 = 27 



(0, 0,1,2; 1,2;1;3) 



(23 + (24 < 7, (23 + (24 + /32 + (J < 27, /3i + /32 < 

7, a4 + /3i + /32 + (5 < 27, (24 + /32 < 7, (23 + 
2^4 + /3i + 2/32 + (5 = 37 



(0, 1,1,2; 1,2;1;3) 



(22 + (23 + (24 < 7, (22 + a3 + a4 < 7, (22 + (23 + 

(24+/32+(5 < 27,/3i+/32 < 7,a4+/3i+/32+(5 < 
27,a4+/32 < 7,(22+a3+2a4+/3i+2/32+(5 = 37 



(0,1,2,2;1,2;1;3) 



(22 + (23 + (24 < 7, (22 + a3 + (24 + /32 + (5 < 

27, (22 + a3 + (24 + /32 + (5 < 27, /3i + /32 < 

7, (23 + (24 + /3i + /32 + (5 < 27, (23 + (24 + /32 < 

7, (22 + 2(23 + 2a4 + /3i + 2/32 + (5 = 37 



(0,0, 1,2; 1,2; 2; 3) 



/32 + (5 < 7, (24 + /3i + 2/32 + (5 < 27, (24 + (5 < 

7, (23 + 2q!4+/32+(5 < 27, a3+(24+/3i+/32+(5 < 

27, a3 + 2a4 + /3i + 2/32 + 26 = 3j 



(0,1, 1,2; 1,2; 2; 3) 



/32 + (5 < 7, /32 + 5 < 7, a4 + /3i + 2/32 + (5 
27, a4 + (5 < 7,(22 + (23 + 2(24+/32 + (5 < 27,02 

(23 + (24 + /3l + /32 + (5 < 27, (22 + (23 + 2(24 

/3i + 2/32 + 2,5 = 37 



< 



(0,1, 2, 2; 1,2; 2; 3) 



P2+S < 7,(23 + a4 + /3i+2/32 + 5 < 27, (23 + (24 
/3l + 2/32 + ,5 < 27, (23 + (24 + (5 < 7, (22 + 2(23 

2a4 + /32 + (5 < 27, (22 + (23 + a4 + /3i+/32 + (5 
27, ^2 + 2^3 + 2^4 + /3i + 2/32 + 2,5 = 37 



< 



(22 + (23 + (24 < 7, (22 + a3 + 2a4 + (32 + S 

27, a4 + /3i + /32 < 7, (23 + 2a4 + /3i + /32 + (5 

27, (23 + (24 + /32 < 7, (22 + 2(23 + 3(24 + /3l 

2/32 + ,5 = 37 



(0,1,2,3;1,2;1;3) 



(0,1, 2, 3; 1,2; 2; 3) 



a4 + /32 + (5 < 7, (23 + 2(24 + /3i + 2/32 + (5 

27, (23 + (24 + 5 < 7, Q;2 + 2(23 + 2(24 + /32 + (5 
27, (22+(23 + 2a4+/3l+/32+(5 < 27,(22 + 2(23 

3a4 + /3i + 2/32 + 2(5 = 37 
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ai + a2 + as + a4 < 7, ai + 0:2 + 0:3 + 0:4 < 
7, ai+Q!2+a3+a4 < J,ai+a2+a3+ai+f32 + 
5 < 27,/3i+/32 < 7,a4 + /3i+/32 + (5 < 27,^4 + 
02 < 7,ai+a2 + a3 + 2a4 + f3i + 2(32 + S = 87 



(1, 1,1,2; 1,2;1;3) 



Lti -r a2 + 0^3 + a4 < 7, ai + 0:2 + 0:3 + 0:4 < 

7, ai + Q!2 + ^3 + Q!4 + /32 + (5 < 27, ai + Q!2 + 

a3 + (24 + /32 + (5 < 27, /3i + /32 < 7, 03 + Q!4 + 
/3i + /32 + (5 < 27, a3 + a4 + /32 < 7, ai + a2 + 
2^3 + 2a4 + /3i + 2/^2 + ^ = 37 



(1,1,2,2;1,2;1;3) 



ai 



(1,1,2,3;1,2;1;3) 



ai + a2 + a^ + a4 < 7, 0:1+0:2+0:3+0:4 < 
7, oi+a2+a3+2a4+/32+'5 < 27, a4+/3i+/32 < 
7, 03 + 204 + /3i + /32 + (5 < 27, 03 + 04 + /32 < 
7, oi + 02 + 203 + 304 + /3i + 2/32 + (5 = 37 



(1, 1,1,2; 1,2;2;3) 



/32 + (5 < 7, /32 + (5 < 7, /32 + (5 < 7, 04 + /3i + 
2/^2 + (5 < 27, 04 + (5 < 7, oi + 02 + ^3 + 204 + 
P2 + S < 27, Oi + 02 + 03 + 04 + /?! + /32 + (5 < 
27, oi + 02 + 0:3 + 2o4 + Pi+ 2/32 + 2(5 = 37 



(1, 1,2,2; 1,2;2;3) 



P2+S < -f,l32 + S < 7,a3 + a4 + /3i+2/32 + (5 < 
27, 03 + 04 + /3i + 2/32 + (5 < 27, 03 + 04 + (5 < 
7,01+02 + 203 + 204 + /32 + (5 < 27, oi + 02 + 
03 + 04 + /3i + /32 + (5 < 27, oi + 02 + 203 + 
204 + /3i + 2/32 + 2(5 = 37 



(1, 1,2,3; 1,2;2;3) 



ai + (32 + S < 7, 04 + /32 + (5 < 7, 03 + 2a4+/3i + 
2/^2 + (5 < 27, 03 + 04 + (5 < 7, oi + 02 + 2o3 + 
2o4+/32 + (5 < 27,oi+02 + 03 + 2a4+/3i+/32 + 
(5 < 27,Q:i + a2 + 2o3+3a4+/5i+2/32 + 2(5 = 87 



(1,2,2,2; 1,2; 1;3) 



01+02 + 03+04 < 7, 01+02+03 + 04 + 
/32 + (5 < 27, oi + 02 + 03 + 04 + /32 + (5 < 
27, oi + 02 + 03 + 04 + /32 + (5 < 27, /3i + /32 < 
7, 02+03+04+/3i+/32+(5 < 2-f,a2+a3+a4 + 
/32 <7,ai + 2o2 + 2o3 + 2o4+A + 2/32+(5 = 37 



(1,2,2,3;1,2;1;3) 



oi + 02 + 03 + 04 < 7, oi + 02 + 03 + 2o4 
02 + S < 27, oi + 02 + 03 + 204 + (32 + S 
27, 04+/3i+/32 < 7, 02+03+2o4+/3i+/32+(5 
27, 02 + 03 + 04 + /32 < 7, oi + 2o2 + 203 
3o4 + /3i + 2/32 + (5 = 37 



(1,2,2,2; 1,2;2;3) 



/32 + (5 < 7, 02 + 03 + 04 + /3i + 2/32 + (5 
27, 02 + 03 + 04 + /3i + 2/32 + (5 < 27, 02 + 03 
04 + /3i + 2/32 + (5 < 27, 02 + 03 + 04 + (5 
7, oi + 2o2 + 203 + 2o4 + /32 + (5 < 27, oi 
Q!2 + (a;3 + "4 + /5i + /32 + (5 < 27, oi + 2o2 
203 + 204 + (3i + 2/32 + 2(5 = 37 
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(1,2,2,3; 1,2;2;3) 



a4+(32 + S < j,a2+a3 + 2a4 + l3i + 2(32 + S < 
27, a2 + a3 + 2a4 + Pi + 2^2 + S < 2j, a2 + 
as + ^4 + (5 < 7, Qfi + 2q!2 + 20:3 + 20:4 + 132 + 
5 < 27, ai + a2 + a^ + 2a4 + jSi + (32 + S < 
27, ai + 2a2 + 2a3 + 804 + /3i + 2/^2 + 2S^3j 



(1,2,3,3;1,2;1;3) 



ai + a2 + a3 + a4 < 7, ai + 0:2 + 2a3 + 2q!4 + 
/32 + (5 < 27, a^ + a4 + I3i + (32 < 7, 02 + 2a3 + 
2a4 + Pi + P2 + S < 27, a2 + as + a4 + P2 < 
7, ai + 2a2 + 3a3 + 3a4 + Pi + 2/?2 + S — 3j 



(1,2,3,3; 1,2;2;3) 



a3+a4+/32 + <5 < 7, q;2 + 2q!3 + 2q!4+/3i + 2/32 + 
(5 < 27, q;2 + (23 + "4 + (5 < 7, q;i + 2q!2 + 2a3 + 
2a4+P2+S < 2-y,ai+a2+2a3+2a4+Pi+P2 + 
6 < 27,Q;i+2a2+3a3+3Q:4+/3i+2/32+2(5 = 87 



(0,1, 2, 3; 1,2; 2; 4) 



0^2 + 03 + "4 < ■'y,a2 + a^ + a4 + P2 + 5 < 
27, a2 + as + 20:4 + /?! + 2/32 + (5 < 37, 0:4 + <5 < 
7,a3 + 2a4+/32+<5 < 27, a3 + a4+/3i+/32+(5 < 
27, a2 + 2a3 + 3a4 + Pi + 2/?2 + 26 = 4j 



^.^ , a2 + as + a4 < j,ai + a2 + a^ + a4 < 

'J,ai+a2+a3 + a4+ P2+S < 2-f, ai + a2 + 
a^ + 2a4 + Pi + 2P2 + (5 < 37, ^4 + (5 < 7, 0:3 + 
2a4 + P2+S < 27, as + a4 + Pi + P2 + S < 
27, ai+a2 + 2a3 + 3a4 + Pi + 2/^2 + 2(5 = 47 



(1,1, 2, 3; 1,2; 2; 4) 



Q!l 



(1,2,2,3; 1,2;2;4) 



ai+a2+a3+a4 < j,ai+a2+a3+a4+P2+S < 
2'-f,ai+a2+a3+a4+P2+5 < 27, Q;i+Q:2+a3 + 
2a4 + Pi + 2P2 + 5 < 37, 0:4 + 5 < 7, q;2 + as + 
2a4 + P2 + S < 2^,a2 + as + a4 + Pi+P2 + S < 
27, ai + 2a2 + 2a3 + 3a4 + Pi + W2 + 25 = A-f 



(1,2, 3, 3; 1,2; 2; 4) 



ai + a2 + as + a4 < 7, ai + a2 + as + a4 
P2+S < 27, ai+a2 + 2as + 2a4 + Pi + 2/32 
S < 37, ai + a2 + 2as + 2a4 + P1 + 2P2 + S 
37, as + a4 + S < j,a2 + 2as + 2a4 + P2 + S 
27, a2 + a3 + a4 + /3i + /32 + (5 < 27, ai + 2q!2 
3a3 + 3a4 + Pi + 2/32 + 26 = 4j 



(1,2,3,4; 1,2;2;4) 



ai+a2+as + a4 < "/,ai+a2+as + 2a4 + P2 
5 < 27, ai + a2 + 2as + 804 + P1 + 2P2 + S 
87, 03 + q;4 + <5 < 7, a2 + 2a3 + 2q;4 + P2 + S 
2j,a2 + as + 2a4 + Pi+P2+S < 2-f,ai + 2a2 
3a3 + 4a4 + Pi + 2/32 + 25 ^ 4-f 



(0,1, 2, 3; 1,3; 2; 4) 



/32 + 5 < 7, a4 + /3i + 2/32 + (5 < 27, 03 + 2a4 
P1 + 2P2 + 2S < 87, a3 + Q:4 + /32 < 7,Q;2 + 2a3 
2a4+Pi + 2P2 + S < 3j,a2+as + 2a4+P2+S 
27, a2 + 2as + 80:4 + Pi+ 3/32 + 25 = 47 



< 
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/32 + (5 < 7, /32 + (5 < 7, ^4 + /?! + 2/32 + 5 < 
27, as + 2a4 + /3i + 2/^2 + 2S < 87, as + a4 + 
/32 < 7, ai + a2 + 2(23 + 2a4 + /3i + 2/32 + (5 < 
87, ai + Q!2 + 0:3 + 2q!4 + /32 + (5 < 27, ai + 0:2 + 
2a3 + 8^4 + /3i + 3/32 + 2(5 = 47 



(1, 1,2,8; 1,8;2;4) 



(1,2,2,8; 1,8;2;4) 



/32 + (5 < 7, a4 + /3i + 2/32 + (5 < 27, ^4 + /3i + 
2/32 + (5 < 27, a2 + 0:3 + 20:4 + /3i + 2/32 + 2(5 < 

87, (3^2 + (3^3 +0:4+ /32 < 7, (3i+2q!2 + 2Q!3 + 2q:4 + 

/3i + 2/32 + (5 < 87,(3i+a2+a3 + 2Q!4 + /32 + (5 < 
27, Qfi + 20:2 + 2(3:3 + 3(34 + /3i + 3/32 + 2(5 = 47 



(1,2, 3, 8; 1,8; 2; 4) 



/32 + (5 < 7, (33 + a4 + /3i + 2/32 + (5 < 27, (32 + 
2(33 + 2(34 + /3i + 2/32 + 2(5 < 87, 02 + 2a3 + 
2a4 + /3i + 2/32 + 2(5 < 87, 0:2 + ^3 + "4 + /32 < 
7,(3i + 2q;2 + 2(33 + 2q;4+/3i + 2/32+(5 < 87,(31 + 

(32 + 2(33 + 2(34 + /32 + (5 < 27, (3l + 2q!2 + 3(3:3 + 

804 + /3i + 3/32 + 2(5 = 47 



(1,2,3,4; 1,8;2;4) 



04 + /32 + (5 < 7, 0:3 + 2a4 + /3i + 2/32 + (5 < 

27, (32 + 2(3:3 + 3(34 + /3l + 2/32 + 2(5 < 87, (32 + 
(33 + ^4 + /32 < 7, (31 + 2(32 + 2(33 + 3(3:4 + /3i + 

2/32 + (5 < 37, ai + a2 + 2a3 + 2a4 + f32 + S < 
27, (31 + 2a2 + 8a3 + 4a4 + /3i + 3/32 + 2(5 = 47 



(0,1, 2, 8; 2, 8; 2; 4) 



^4 + /3i + /32 < 7, a3 + 20:4 + /3i + /32 + (5 < 
27, (32 + 2ct3 + 8(3:4 + /3i + 2/32 + (5 < 37, a2 + 

03 + 04 + /3i + /32 + (5 < 27, (32 + (3:3 + 2(3:4 + 

/3i + 2/32 + 2(5 < 87, 0:3 + 0:4 + /3i + 2/32 + (5 < 
27, a2 + 2a3 + 8a4 + 2/3i + 8/^2 + 2(5 = 47 



— /J — ^ ' u • -t ' —/-J. ' — / 

04 + /3i + /32 < 7, (34 + /3i + /32 < 7, (33 + 2a4 + 

/3l + /32 + (5 < 27, (31 + 0:2 + 2(33 + 3(34 + /3l + 

2/32 + (5 < 87, (3i + (3:2 + (33 + (3:4 + /3i + /32 + 
(5 < 27, ai + a2 + a3 + 2(34 + /?! + 2/32 + 2(5 < 
87, a3 + (34 + /3i+2/32 + (5 < 27,(31 + 0:2 + 2(33 + 
8a4 + 2/3i + 8/32 + 25 = 47 



(1,1,2,8;2,8;2;4) 



(1,2,2,8;2,8;2;4) 



04 + /3i + /32 < 7, (32 + 03 + 2a4 + /3i + /32 + (5 < 

27, q:2 + (33 + 2(3:4 + /3i+/32+(5 < 27, (3l + 2(3:2 + 

2a3 + 804 + /3i + 2/32 + (5 < 87, (3i + (32 + a^ + 

(34 + /3i + /32 + (5 < 27,(3i + Q;2 + (33 + 2q;4 + /3i + 

2/32 + 2(5 < 87, 0:2 + 0:3 + CK4 + /3i + 2/32 + (5 < 
27, ai + 2(32 + 2(33 + 3(3:4 + 2/3i + 3/32 + 25 = 4j 
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(1,2,3,3;2,3;2;4) 



a3+a4+/3i+/32 < 7, a2 + 2Q:3 + 2Q:4+/3i+/32 + 
S < 27, ai + 2a2 + 3a3 + 3a4 + /3i + 2/32 + (5 < 
37, ai + 2a2 + 30:3 + 3q!4 + /3i + 2/32 + (5 < 
37, ai + 0:2 + (23 + a4 + /3i + /32 + (5 < 27, ai + 
a2 + 2^3 + 2a4 + /3i + 2/32 + 2(5 < 37,0^2 + 0:3 + 
oi4 + l3i + 2/^2 + (5 < 27, Qfi + 2q!2 + 3q!3 + 30:4 + 
2/?i + 3/32 + 2(5 =: 47 



(1,2,3,4;2,3;2;4) 



03 + a4 + /3i + /32 < 7, 0:2 + 2q!3 + 2q!4 + /3i + 
/32+(5 < 27, ai + 2(3:2 + 3Q;3 + 3a4 + /3i + 2/32 + 
S < 37, q;i + 0:2 + 0:3 + 20:4 + /3i + /32 + (5 < 
27, en + 0:2 + 2(23 + 3a4 + /3i + 2/32 + 2(5 < 
37, (22 + (23 + 2a4 + /3i + 2/32 + (5 < 27, ai + 
2a2 + 3(23 + 4(24 + 2/3i + 3/32 + 2(5 = 47 



(1,2,3,4; 1,3;2;5) 



(2l + (22 + (23 + (24 < 7, (2l + 0:2 + (23 + (24 + /32 + 

(5 < 27, (21 + 0:2 + (23 + 2a4 + /3i + 2/32 + (5 < 

37, (21 + (22 + 2(23 + 3(24 + /3l + 2/32 + 2(5 < 
47, (23 + (24 + /32 < 7, (22 + 2(23 + 2(24 + /?! + 

2/32 + (5 < 37, 0:2 +(23 + 2(24 + /32 +(5 < 27,(21 + 
20:2 + 3(23 + 4(24 + /3i + 3/32 + 2(5 = 57 



(1,2,3,4;2,3;2;5) 



(2i + a2 + (23 + a4 < 7, (24 + /3i + /32 < 7, (23 + 

2a4 + /3i + /32 + (5 < 27, 0:2 + 2a3 + 3(24 + /3i + 

2/32 + (5 < 37, (22 + (23 + (24 + /3i + /32 + (5 < 

27, (21 + 2(22 + 2a3 + 3(24 + /3i + 2/32 + 2(5 < 
47,(2i+q;2 + 2(23 + 2(24+/3i + 2/32+(5 < 37,0:1 + 
202 + 303 + 4o4 + 2/3i + 3/32 + 2(5 = 57 



(1,2,3,4;2,4;2;5) 



04 + /3l + /32 < 7, 02 + (23 + 04 + /32 < 7, (21 + 

2a2 + 2a3 + 2a4 + /3i + 2/32 + (5 < 37,(21 + 202 + 
2o3 + 304 + /3i + 3/32 + 2(5 < 47,03 + a4 + /3i + 
2/32 + (5 < 27, 02 + 2(23 + 3a4 + 2/3i + 3/32 + 
2(5 < 47, oi + 02 + 203 + 3o4 + /3i + 2/32 + (5 < 
37, Oi + 2o2 + 303 + 404 + 2/3i + 4/32 + 2(5 = 57 



(1,2,3,4; 1,3;3;5) 



/32 + (5 < 7, 03 + 0:4 + (5 < 7, 02 + 20:3 + 20:4 + 
/32 + (5 < 27, oi + 2q:2 + 3o3 + 3o4 + /3i + 
2/32 + 2(5 < 47, 01 + 02 + (23 + 204 + /32 + (5 < 
27, oi + 0:2 + 203 + 3o4 + /3i + 3/32 + 2(5 < 
47, 02 + 03 + 204 + /3i + 2/32 + 2(5 < 37, oi + 
2o2 + 3a3 + 4a4 + /3i + 3/32 + 3(5 = 67 
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(1,2,3,4;2,3;3;5) 



as + a4 + (5 < 7, ai + ^2 + ^3 + ^4 + /3i + /32 + 
6 < 27, ai + a2 + a3 + 2a4 + /3i + 2/32 + 2S < 
87, ai+a2 + 2a3 + 80:4 + 2/3i + 3/32 + 25 < 
47, a2 + a3 + 2Q:4 + /3i+/32 + (5 < 2-f,ai + 2a2 + 
3a3 + 4a4 + /3i + 2/32 + 2(5 < 47, 02 + 2^3 + 
2a4 + /3i + 2/32 + 2(5 < 37, q;i + 2^2 + 3^3 + 
4ct4 + 2/3i + 3/32 + 3(5 = 57 



a4+ P2 + S < j,a3 + 2a4 + /3i + 2/32 + (5 < 
27, (^2 + 2^3 + 3a4 + /3i + 2/32 + 2(5 < 37, ai + 
2a2 + 3a3 + 4q:4 + /3i + 3/32 + 2(5 < 47, 0:2 + 
0:3 + a4 + /3i + 2/32 + (5 < 27, ai + 2a2 + 20:3 + 
3a4 + 2/3i + 3/32 + 2(5 < 47, ai + a2 ' ' 
2a4 + /3i + 2/32 + 2(5 < 37, o^i + 2a2 
4^4 + 2/3i + 4/32 + 3(5 = 57 



(1,2,3,4;2,4;3;5) 



2^3 
3q!3 



-r ^i-Ji ~r '±fJ2 -r ou — ^7 
/32 + (5 < 7, a4 + /3i + 2/32 + (5 < 27, 03 + 2q!4 
/3i + 2/32 + 2(5 < 37, a2 -^o^„ ^-i^. -l fi. 



(1,2,3,4;2,4;3;6) 



, , _ K3 + 30:4 + /3i 

"2 + 0:3 + Q!4 + /3i + /32 + (5 < 

27, ai + 2a2 + 2a3 + Sa^ + /3i + 2/32 + 2(5 < 
47,q;i+q;2 + 2q;3 + 2q;4+/3i + 2/32+(5 < 37, 
- ' ''- ' 2/3i + 4/ 32 + 3(5 ^ 67 



3/32 + 2(5 < 47, 



2q;2 + 3(3^3 + 4a4 



,ai~ 



^4 + /3i + /32 < 7, q;3 + 2q!4 + /3i + /32 + (5 < 
27,CK2+2a3+3a4+/3i+2/32+(5 < 37,ai+2Q:2+ 
3a3 + 4a4 + 2/3i+ 3/32 + 2(5 < 5j,ai+a2+a3 + 
2a4 + /32 + (5 < 27, Qfi + Q!2 + 2(3:3 + 30:4 + A + 
3/32 + 2(5 < 47,a2 + Q;3 + 2a4 + /3i + 2/32 + 2(5 < 
37, ai + 2(22 + 3(33 + 5a4 + 2/?i + 4/32 + 3(5 = 67 



(1,2,3,5;2,4;3;6) 



(1,2,4,5;2,4;3;6) 



a3 + ^4 + (5 < 7, (32 + 2a3 + 2q!4 + /32 + (5 
27, ai + 2a2 + 3a3 + 3a4 + /?! + 2/32 + 2(5 
47, (31 + 2(32 + 3(33 + 4a4 + /3i + 3/32 + 3(5 

57, (33 + (34 + /?! + 2/32 + (5 < 27, a2 + 2(33 

3q;4 + 2^1 + 3/32 + 2(5 < 47, (3i + q;2 + 20:3 
3(34 + /3i+2/32 + (5 < 37, (3i + 2a2 + 4(33 + 5(34 
2/3i + 4/32 + 3(5 = 67 



(1,3,4,5;2,4;3;6) 



Q^2 + Ct3 + (34 + /32 < 7, (3l + 2(32 + 2(33 + 2(34 

/3i + 2/32 + (5 < 37,(3i + 2a2 + 2(3:3 + 3a4 + /3i 
3/32 + 2(5 < 47, ai + 2a2 + 3a3 + 4a4 + 2/3i 
4/32 + 2(5 < 57, (32 + 0:3 + 2a4 + /3i+l32 + S 
27, ai + 2a2 + 3q;3 + 4a4 + /3i + 2/32 + 2(5 
47, (32 + 2(33 + 2a4 + /3i + 2/32 + 2(5 < 37, (3i 
3q;2 + 4(33 + 5a4 + 2/3i + 4/?2 + 3(5 = 67 
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(2, 3, 4, 5; 2, 4; 3; 6) 



ai + a2 + a3 + a4 + (3i+l32 + S <2'j,ai + a2 + 
a3 + 2a4 + /3i + 2/32 + 2(5 < 3'j,ai+a2 + 2a3 + 
3a4+2/3i+3/32+2(5 < 47,ai+2Q:2+3a3+4Q;4+ 
2/3i + 3/32 + 3(5 < 57,ai + a2 + 2a3 + 2a4 + /32 + 
S < 27,Q;i + 2a2 + 3Q;3 + 3a4 + /3i + 3/32 + 2(5 < 
47, ai + 2a2 + 2^3 + 3q;4 + Pi + 2(32 + S < 
37, 2q:i + 3q:2 + 4(23 + 5(24 + 2/3i + 4/^2 + 3(5 = 67 
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